The following useful fact is well known (for example see [4] ). In what follows, the symbol ( * / * ) will denote the Kronecker symbol. (
2) The class group C ∆ is generated by the non-inert prime ideals P with N (P) < M ∆ (where non-inert means that (∆/p) = −1).
Note that throughout the paper we will use the phrase "a split prime p" to mean a prime P in O ∆ above p such that (∆/p) = 1, i.e. (p) = PP , P = P .
All of the results of this section can be found in this author's book [13] , including a proof of the following result, for which no other ideal-theoretic proof exists in the literature. We remind the reader of Definition 2.1. The exponent e ∆ of C ∆ is the least positive integer such that I e ∆ ∼ 1 for every ideal I representing a class of C ∆ .
Definition 2.2. Let ∆ < 0 be a discriminant and let q ≥ 1 be a squarefree divisor of ∆. Set α = 1 if 4q divides ∆ and α = 2 otherwise. We call
the q-th Euler-Rabinowitsch polynomial.
We may consider the following a generalization of the Ono invariant (see [15] ). Definition 2.3. Let ∆ and q be as in Definition 2.2, and let
The following is a straightforward consequence of [15, Theorem 1, p. 179].
Before illustrating Theorem 2.3 with several applications, we make an assumption, as a notational device, which we will cite in order to avoid repetition. After the applications, we will explain the role of the GRH in all of this. 
is prime for all non-negative integers x < q N +1 /2 − 1 whenever e ∆ ≤ 2. Under the assumption of GRH, the largest string of primes occurs when D = −177 and q = 6, where
is prime for x = 0, 1, . . . , 28. This example was observed by Van der Pol and Speziali (via Coxe) [24] and motivated this result.
is prime whenever 0 ≤ x ≤ q N +1 − 1. Under the assumption of GRH, the largest such string is given by D = −58 and q = 2, where
is prime for 0 ≤ x ≤ 28. This example was cited by Sierpiński in [21] (probably known to Euler) and motivated this result.
is prime for all non-negative integers x < q N +1 /4 − 1 . Under the assumption of GRH, the largest string occurs when D = −267 and q = 3, where
is prime whenever 0 ≤ x ≤ 21. A version of this example was noticed by Lévy [11] in 1914, and motivated our result. This concludes the discussion of the non-monic prime-producing quadratic polynomials. The most celebrated of the monic prime-producing polynomials is Euler's polynomial f (x) = x 2 − x + 41 discovered in 1772 (see [6] ). This polynomial is prime for x = 1, 2, . . . , 40. Similarly, Legendre [9] observed that the polynomial g(x) = x 2 + x + 41 is prime for all integers x = 0, 1, . . . , 39. However, g(x) has come to be known as the Euler polynomial (e.g. see [19, p. 24] , [10] , and [4, p. 155] ). In any case, the primeproducing capacity of these polynomials has less to do with their specific form than it does with their discriminant ∆ = −163. This is explained by Rabinowitsch's criterion [17] - [18] (which Theorem 2.3 generalizes), together with the Baker [2] , Heegner [8] , and Stark [22] 
. Therefore, we may assume without loss of generality that 0 ≤ 2x+α−1 < p (since we may take the least non-negative residue modulo p, and when α = 2 we may assume that the residue is odd since p is odd).
Q ∼ A.
The reader will recognize that Lemma 3.2 basically says that representation of integers is tantamount to equivalence of ideals.
R e m a r k 3.1. It is worth pointing out that Lemma 3.2 tells us that when q = 1, then A ∼ 1. What this means is that the factorization of the Euler-Rabinowitsch polynomial F ∆,1 (x) = F ∆ (x) up to the Rabinowitsch bound (|∆|/4 − 1) as given by Theorem 2.3, yields the equivalence classes in C ∆ . For instance, we have Therefore, we may assume that q > p since one of q or q 1 must be.
Observe that, in the above proof, we did not make any assertion regarding the "reduction" of I, since we did not need it. However, we pose We have not been successful in proving the following conjecture which holds under the assumption of the GRH. However, we can give the following unconditional proof for a certain case. R e m a r k 3.4. In [14] we made a conjecture which came close to Theorem 3.1. However, we showed in [15] that the conjecture is false. But, that conjecture was overly ambitious in that we need not have considered it necessary to include ramified primes. Theorem 3.1 then proves the lesser conjecture, namely e ∆ ≤ 2 if and only if, for each split p < M ∆ , there exists a square-free divisor q of ∆ with F ∆,q (x) = p for some x ≥ 0. In fact, we have done far more. We have shown that we may always choose x = 0! Now we show how the structure of the elementary abelian 2-subgroup of C ∆ for ∆ < 0 is completely determined by the representation of ∆ as a difference of two squares. This has some consequences when e ∆ = 2, which we illustrate after the result. 
(where ∓ corresponds to ± in the definition of b i above).
, being prime, has exactly one representation as a difference of two squares, namely
Moreover, q has exactly 2
for each of the 2
Furthermore, each such representation for q yields 2 distinct such representations for ∆ as follows (where
Moreover, since ∆ ≡ 5 (mod 8), it follows that yu ± xv is divisible by 4 and
1 )/2 has its largest possible value at q (i) = q and q (i) 
1 and q (i) respectively, by Lemma 3. We illustrate Theorem 3.3 with the following example. R e m a r k 3.5. If we let q (i) = q/q i and q 
. We also have similar results for ∆ ≡ 0 (mod 4) which we state without proof since the verification is similar to that of Theorem 3.3. 
. . , N , and
Note that the ideals in Theorem 3.4 arise from D as a difference of 2 squares in much the same way as Theorem 3.3. For instance, we have We now present a result for ∆ ≡ 0 (mod 8) which we do not prove since it is again similar to that of the proof of Theorem 3.3. This concludes our discussion of prime-producing quadratic polynomials of negative discriminant.
When ∆ > 0 we looked at such restrictions on the number of primes p < M ∆ , and obtained complete classifications for certain ∆ when e ∆ ≤ 2 in previous work. We will deal with prime-producing quadratics for ∆ > 0 in later work (see [12] , and [16] for a precursor).
